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Abstract. Let G be a Lie group, H a closed subgroup and M the homo- 
geneous space G/H. Each representation ^ of H determines a G-equivariant 
principal bundle V on M endowed with a G-invariant connection. We consider 
subgroups Q of the diffeomorphism group Diff{M), such that, each vector field 
Z S hie(Q) admits a lift to a preserving connection vector field on V. We 
prove that #7ri(C7) > #>1/(Z(G)). This relation is applicable to subgroups Q 
of the Hamiltonian groups of the flag varieties of a semisimple group G. 

Let be the toric manifold determined by the Delzant polytope A. We 
put (^b for the the loop in the Hamiltonian group of A^a defined by the lattice 
vector b. We give a sufficient condition, in terms of the mass center of A, for 
the loops and to be homotopically incquivalcnt. 

MSG: Primary: 53D35 Secondary: 53D50, 53D05, 22F30 

1. Introduction 

In this note we will concern with the homotopy of some Lie subgroups Q of 
DifF(M), the diffeomorphism group of a manifold M in two cases: (I) When M is 
a homogeneous space. (II) When M is a symplectic toric manifold. 

As it is well-known, the lifting of loops in a space X to paths in a fibration over 
X is sometimes used for studying the homotopy of X . Here, we will also lift loops 
in Q to isotopies in appropriate principal fiber bundles on M, in order to deduce 
consequences about ■ki{Q). 

Case (I). Given a connected Lie group G. Let (i?, ^) be a pair consisting of a 
closed subgroup H oi G and a representation ^I^ of H . By means the representation 
and a complement 1 of f) in g (see (|2.1[) '). we will construct a G-equivariant principal 
fibre bundle V over M = G/H and a G-invariant connection J7 on it. 

We will consider groups G of Diff(M) such that each vector field Z e Lie(^) 
admits a lift t7 to a vector field on V with the following properties: U is invariant 
under the natural right action on V and it is an infinitesimal symmetry of fl (the 
usual horizontal lift does not satisfy the last property). These properties allow us to 
lift a loop ip — {i^t}t&[o, 1] in the group G to an isotopy {-Ft}t6[o, i] in whose final 
element Fi is a preserving connection gauge transformation of V. The comparison 
of the gauge transformations, obtained by lifting different loops in G, will permit 
us to distinguish some non-homotopic loops. For the sake of brevity, we will say 
that a subalgebra X of X(M) admits a lift to V if its elements admit lifts to vector 
fields on V with the mentioned properties. 
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If \1/ is a representation of H on the vector space W , then the above mentioned 
bundle 'P is a GL(M^)-principal bundle and the gauge transformation Fi associated 
to a loop '0 in ^ is defined by a map 

(1.1) h{ip) : V GhiW). 

We will prove that /i(V') is constant on each orbit {Ft{p) 1 1 G [0, 1]} (Proposition 
[5]) . This fact will be important for characterizing the homotopy class of some loops 
in Q. 

In the case that the left multiplication of points in M — G/ H by each g ^ G 
is an element of G and Z{G) -the center of G- is a subgroup of H, then a path 
{gt}tG[o,i] in G with initial point at the identity element e of G and final point 171 
in Z{G) determines a loop (p in G- These loops cp enjoy nice properties: 

(a) The corresponding gauge function h{ip) is constant and equal to ^'((j'l) £ 
GL(W^) (Proposition [3). 

(b) Under certain hypotheses, we will construct for each gi G Z{G) a particular 
path {gt} in G, such that for the corresponding loop tp in G the following property 
holds: If {<p^}s is a deformation of the loop (p in G, then for all s the map h{tp'^) 
is the constant map that takes the value ^(51). Thus, #7ri(C/) > ^'^{Z{G)) (see 
Theorem [T2|). 

The case when 4* is a \- dimensional representation presents three related prop- 
erties: 

(i) The curvature K of the connection Vl onV projects a closed 2-form lo on Af; 
thus, w defines a presymplectic structure on M . (Obviously, the form lu can also be 
defined directly from the 1-dimensional representation oi H and the complement 
[off)). 

(ii) For any loop ■0 in a group G whose Lie algebra admits a lift to P, the map 
(|l.ip is constant, i.e., the gauge transformation Fi determined by ijj is simply the 
multiplication by a constant (see Proposition [14]). 

(iii) For each vector field Z belonging to Lie(t/), there exists a function Jz on M 
such that AJz — —lz'jJ- That is, Jz is a Hamiltonian function for Z relative to 

If the first homology group Hi(M, Z) vanishes, then Q{4>) is an "action inte- 
gral" (relative to the presymplectic structure uj) around the loop ?/' (see (|4.7p ). 
However, since the functions Jz will be not "normalized" , this "action integral" is 
not invariant under deformations of the loop tp in G- 

We will consider the algebra X^j consisting of all the vector fields Z on M, 
such that LzLtJ is an exact 1-form; i.e., the w-Hamiltonian vector fields on M . The 
respective connected Lie group is denoted by T-L^{M). If it is possible to choose 
for each Z G an w-Hamiltonian function Jz^ so that, Jz depends continuously 
on Z, then the algebra X^j admits a lift to V. In this case, we will prove that 
#7ri(?^„(Af)) > #*(Z(G)) (Theorem [THI). 

When G is a linear complex semisimple Lie group, the flag manifold J- defined 
by a parabolic subgroup can be identified with a quotient Ur/H, where Uth is a 
real compact form of G and H a closed subgroup of U^. If is a 1-dimensional 
representation of H, then #^'(Z([/r)) is also a lower bound for the cardinal of 
TTi{Uu,{J^)) (see Theorem [Tg]). 

The derivative of the character is a covector of f) that can be extended in a 
trivial way to an element G uj^, using the complement I of f). In the particular 
case that the stabilizer of 77 (for the coadjoint action of Us) is iJ, the manifold J- 
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is the coadjoint orbit of 77, the form w is the Kirillov symplectic structure jl] up 
to a constant factor and 'Hu{^) is the Hamihonian group Hain(7^, -cu) [2]. Under 
that hypothesis, #5'(Z([/r)) is a lower bound for the cardinal of 7ri(Ham(J^, vj)) 
(Corollary 1201) . Here the manifold F is compact and lo is symplectic, thus, the 
functions Jz can be normalized. This fact allows us to prove the invariance of 
Q{ip) under deformations of the loop -0 in Ham(7^, tu); thus, we have a group 
homomorphism 

(1.2) e : 7ri(Ham(J', tu)) — ^ U(l). 

From this property, it is possible to obtain an alternative proof of Corollary [501 (see 
the last Remark in Subsection 14. 2p . 

Case (II). In general, the Hamiltonian vector fields on quantizable manifolds f3] 
admit lifting to vector fields on the prequantum bundles, which are infinitesimal 
symmetries of the connection. We will consider the case of quantizable toric man- 
ifolds. Let M be such a manifold and T the torus whose action on M defines the 
toric structure. Each element b in the integer lattice of t determines a loop (^b 
in the Hamiltonian group of M. The corresponding gauge transformation Fi, on 
the prequantum bundle, can be expressed in a simple way in terms of the mass 
center of the moment polytope of the manifold. This fact will allow us to prove 
Theorem 1221 which gives a sufficient condition for (/Sb and not be homotopic 
in the Hamiltonian group of M . Next, we apply Theorem to the cases when M 
is the projective space CP", a Hirzebruch surface and the 1-point blow up of CP". 

If the moment polytope of a not necessarily quantizable toric manifold has d 
facets, then the cohomology of the manifold is generated by the Chern classes 
ci, . . . , Cd of d line bundles. When the cohomology class of the symplectic struc- 
ture is of the form r'^j rijCj , with rij G Z and r a real number, we will prove 
Proposition I24[ which is the adaptation of Theorem to this type of manifolds. 

The paper is organized as follows. In Section [5J from the representation 5" of 
on a vector space W and a complement [ of f) in g, we construct the GL(iy)-principal 
fibre bundle P over AI and the G-invariant connection $7. 

An axiomatic definition of the algebras X which admit a lift to P is given in 
Section [3l In Subsection 13.11 we study the continuity of the lifting of certain curves 
in M to curves in P. The lift of isotopies in Q to isotopies in the fibre bundle, when 
Q is any subgroup of Diff(M) whose subalgebra satisfies the axioms required to the 
subalgebras X, is studied in Subsection 13.21 In Subsection 13.31 we prove Theorem 

m 

Section |4] is concerned only with the case when 4' is 1-dimensional. In Subsec- 
tion 231 we give an explicit expression for Q{Tp) and discuss its invariance under 
deformations of the loop ip. In Subsection 14. 2[ we introduce the algebra X^^ and 
prove Theorems [18] and [191 

Section [5] treats with Case (II). We consider subgroups Q of Diff(M), where 
M is a toric manifold. In Subsection 15.11 we assume that the toric manifold is 
quantizable and we prove Theorem l22l Subsection l5.2l concerns with toric manifolds 
not necessarily quantizable. In this subsection we prove Proposition 1241 

Other approaches. The results presented in this article are a small contribution 
to the study of the homotopy of subgroups of the diffeomorphism group of the 
homogeneous spaces and the toric manifolds, specially the homotopy of Hamiltonian 
groups. 
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The homotopy type of the Hamiltonian groups of symplectic manifolds is only 
completely known in a few particular cases: When the dimension of the manifold 
is 2, and when the manifold is a ruled complex surface T. In the first case, the 
connected component of the identity map in the diffeomorphisni group is homotopy 
equivalent to the component of the identity in the symplectomorphism group; using 
this fact, the topology of the Hamiltonian group of surfaces can be deduced from the 
one of the diffeomorphism group (see 5, page 52]). In the second case, the positivity 
of intersections of J-holomorphic spheres in 4-manifolds played a crucial role in the 
proof of results about the homotopy type of the corrresponding Hamiltonian groups 

For a general symplectic manifold N , given a loop '0 in the Hamiltonian group 
of N, the Maslov index of the linearized flow ipt* gives rise to a map 

(1.3) 7ri(Ham(iV)) — > Z/2CZ, 

C being the minimal Chern nunber of N on spheres. Obviously, the map (|1.3p can 
distinguish a maximum of 2C elements in 7ri(Ham(A'^)). In [9], we obtained lower 
bounds for the cardinal of the fundamental group of some Hamiltonian groups, by 
means of the evaluation of the map (jl.3l) over certain elements of its domain. In 
particular. Theorem 6 of ^ gives a lower bound for the cardinal of 7ri(Ham(C')), 
where O is a coadjoint orbit of SU(n + 1) diffeomorphic to the quotient of SL(n + 
1, C) by a parabolic subgroup. Of course, that lower bound is < 2C. For the 
particular case when the parabolic subgroup is a Borel subgroup, i. e. O is the 
flag variety of s[(n + 1, C), the mentioned lower bound is less than or equal to 4, 
since the minimal Chern number of this manifold is 2 |10[ page 117]. On the other 
hand, the lower bound for #7ri(Ham(J^, w)) given in Corollary [20] of the present 
article, when the group G is SL(n + 1, C), depends on n and ^P. In the case that ^ 
is injective on Z'(SU(n + 1)), this lower bound is n + 1. 

Given a symplectic manifold N , there is a group homomorphism 

(1.4) / : 7ri(Ham(A^)) — > R, 

defined through characteristic classes of the Hamiltonian fibre bundle on S"^ which 
determine each loop in Ham(iV) (see jllj). As / is a group homomorphism, it 
vanishes on any element of finite order; so, / is not appropriate to detect these 
elements in 7ri(Ham(A^)). But studying the homomorphism (|1.4p . we proved the 
existence of infinite cyclic subgroups in 7ri(Ham(M)), when M is a toric manifold 
(see [U Theorem 1.2]). Also for toric manifolds, McDuff and Tolman proved some 
results relative to the corresponding Hamiltonian groups, by developing the concept 
of mass linear pair (see for example [T2j Proposition 1.22]). 

In [13], we considered a linear semisimple Lie group G, a compact Cartan sub- 
group T and a discrete series representation tt of G, determined by an element (j) 
in weight lattice of t. By means of these data, we constructed a principal bundle 
V on G/T with connection. As here, we considered subgroups of Diff (G/T) such 
that the vector fields in its Lie algebras admit a lift to vector fields on V, which are 
infinitesimal symmetries of the connection. We sketched a proof of a result that is 
a particular case of Theorem 1121 above mentioned. The present article is, in some 
extent, the generalization and formalization of results sketched in [13]. 
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2. The principal bundle V 

In this section, we introduce some notations that will be used in the sequel. We 
will consider pairs [H, ^) such that, either 

(A) is an abelian connected closed Lie subgroup of G containing Z{G) and 5" a 
representation of in a finite dimensional vector space, 

or 

(B) H is a connected closed Lie subgroup of G containing Z{G) and 5* a 1- 
dimensional representation of H . 

We denote by M the quotient G/H. Given A E g, we put Xa for the vector 
field on M generated by A, through the left G-action. 

From now on, we assume that there exists a vector subspace t C g, such that 

(2.1) = f)©l 

and t ■ [ = [, for all t E H; here the dot means the adjoint action. Henceforth, 
we assume that such a complement [ of t) has been fixed. The f)-componcnt of an 
element B E g will be denoted Bq. Obviously, 

(2.2) {t-B)o^t-BQ, for allt e H and B e 0. 

We will denote by [I, []o the space spanned by all elements of the form [A, Bjo, 
with A,B El 

5* is a group homomorhism : H ^ GL(M^), where is a complex vector 
space of finite dimension in the case (A) and with dimension 1 in the case (B). Its 
derivative will be denoted by : () H> £lt(l^)- 

For each A G g, we set 

(2.3) fA{9H):^^'{{g-' -A),). 
Proposition 1. Formula 12. 3\) defines a map Ja'-M^ q\{W). 

Proof. In case (A), it is direct consequence of (|2.2p together with the fact t-Bo = 
Bq, for all t E H, since H is abelian. 

For the proof in case (B), it is sufficient to take into account (|2.2p and that 
^'{t ■ Bq) = '^'{Bo), since dimension of * is 1. 

□ 

In the case (A), from the fact that ^' is a Lie algebra homomorphism and () is 
abelian, it follows that 

(2.4) [fA, JbU - 0, 

where [., is the commutator in 0[(iy). Obviously, ()2.4p is also valid for the 
case (B). 

It is also easy to check that for any A,G E g 

(2.5) XA{fc)^-f[A.^c]- 

We denote by P the following principal GL(T4^)-bundle over M 

P={Gx GL{W)) / - ^ M, 

where {g, a) ^ [gt, '^{t^^)a), for all 5 G G, a £ GL(iy) and t E H. The projection 
map from V to M will be denoted by tt, and the GL(VF)-right action on V by R. 

Ya will denote the vector field determined hy A E Q through the left G-action 
on v. The vertical vector field defined by y G fll(^) be denoted Vy. 
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The mapping /a can be hfted to a map {a on V by putting 

(2.6) {A{[9,a])^a-'ofA{gH)oa, 

where [g, a] denotes the element of V determined by the pair {g, a) G G x GL(W^). 
Since ^{t)fA{gH) = fA{gH)^{t), iA is well-defined. From ([H]), it turns out 

(2.7) YA{ic) = 'i[A.c], Vy{p){iA) ^ AyJA{p)U. 

In case (B), reduces to £^([.9, a]) = fA{gH) and ^J^iu) to Vy{iA) = 0, 

obviously. 

We denote by 17 the G-invariant connection on V determined by the condition 

(2.8) ^1{Ya) = iA. 
The horizontal lift of the vector field Xa is 

(2.9) x\{[g,a])^YA{[g.a])+Vy{[g,a]), 

with y := —fA{[g, a]). We denote by D the corresponding covariant derivative and 
by K the curvature of this connection. Using the structure equation, (12. 4p . ()2.7p 
and (12. Sp , it is straightforward to check that 

(2.10) K{Ya, Yc) = ~i[A,cv 
From dSIll), (1221) and ([2T0| . it follows 

(2.11) Z?fc = -K(Fc, .). 



3. Algebras admitting a lift to V 

From now on, we assume that the spaces of G^ functions between two manifolds 
are equipped with the Whitney G^-topology, unless explicit mention is made to 
the contrary. In particular, the Lie subgroups of the group of diffeomorphisms of a 
manifold and the corresponding Lie algebras will be endowed with this topology. 
Definition 1. We say that a subalgebra X of X(A/), the algebra consisting of 
the vector fields on M, admits a lift to V, if for each Z e X there is a map 
a{Z) : V qI{W), satisfying the following conditions: 

(i) a{Z){pl3) = o a{Z){p) o jj, for all /3 G Gh{W) and all p(^V. 

(ii) Da{Z) = -K(Z'*, . ), where Z"* is the horizontal hft of Z. 

(iii) The map 

z G X ^ a{z) G c°"{r, QliW)) 

is continuous with respect to the G" Whitney topologies in X and in C°°{'P, gl(W)). 

(iv) If Xa G X, then a{XA) = f^- 

Note that, by (|2.9p and (|2.1ip . condition (ii) is consistent with (iv). Moreover, 
the Lie algebra 

(3.1) {XA\Aeg} 

admits a lift to V. 

Given Z G X, we set U{Z) for the vector field 

(3.2) [/(Z) + 

The following proposition is a consequence of condition (i) in the above definition. 

Proposition 2. The vector field U{Z) is invariant under the right translations in 
V; that IS {Rfi)^{U{Z)) = C/(Z), for all jS G Gh{W). 
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Since is a pseudo tensorial form of type Ad, from Proposition [21 it follows 

(3.3) ^{U{Z))^Ad{r'){^iU{Z))), 
for any /3 G GL(M^). 

Proposition 3. The Lie derivative of along U{Z) vanishes. 

Proof. Wc put U for U{Z) and a for a{Z). By Cartan's formula, it is sufficient 
to check that 

d{iun) + LuiAVL) =0. 
By (I3.2p . d{Lu^) = da. Thus, we need to prove that 1-form on V 

(3.4) da + i[/(dl7) 
vanishes. 

Given an arbitrary point p € V, we will prove that the 1-form (13. 4[) applied to 
a horizontal vector E at p vanishes. By (ii) in Definition 1, da{E) = ~K{Z^, E). 
Next, we extend to a horizontal field; by the structure equation 

{Lum)){E) - K([/, E) - p{U), n{E)] = K(Z», E). 

So, p.4p vanishes on any horizontal vector. 

Now consider the vertical vector Vy{p), with y G g[(VK). Again by the structure 
equation together with p.2p 

(.c;(dl]))(t/,(p)) = -[r!p(;7), ^{Vy{p))] = -[a{p), y]. 

On the other hand, by (i) in Definition 1, da{Vy{p)) — — [y, a{p)]. Thus, (|3.4p also 
vanishes on vertical vectors. □ 

3.1. Lifting of curves in M to curves in V. All the curves on M and on V 
considered in this subsection are defined on the interval [0, 1]. Furthermore, X 
denotes a given algebra that admits a lift to V. 

Let ^(t) be a curve in M with ^(0) = e eH and p a given point in n~^{e). Let 
us assume that there exists a vector field Z G X, such that Z(^(t)) = ^(f), for all t. 
Then we can consider the integral curve ^(i) of U{Z) such que ^(0) — p. By (|3.2p . 
the curve ^(t) in can be considered as a lifting (no horizontal lift) of S,{t). In the 
following paragraphs, we will show the continuity of this lifting as a consequence 
of property (iii) in Definition 1. 

Let {^'^}cg[o, 1] be a deformation of ^ = That is, a family of curves ^'^ : [0, 1] — > 
M with initial point at e (i.e., C'^(O) = e), satisfying the following conditions: 

(a) The vectors ^'^(t) = ^£,'^{t) are elements of a vector field Z'^ G X; that is, 
Z%^''{t))=t{t)Jor all t. 

(b) {C'^lcep,!] ^ continuous family in the set C^([0, 1], Af) endowed with the 
Whitney topology. 

For the sake of simplicity, we assume that there exists a chart (V, p) on M, such 
that ^^=([0, 1]) C V, for aU c G [0, 1]. The condition (b) involves: 
(a) For any ei > 0, there exists Si > such that for all t G [0, 1] 

lirW-e(t)ll <ei, if c<5i. 

Here ^"^(i) denotes the coordinates of the point £,'^{t) in the chart {V,p). 
{(3) For any e2 > 0, there exists ^2 > such that for all t G [0, 1] 

\\Z'{e{t))~Zm)\\<^2, if C<^2. 
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Here Z'^{S,'^{t)) means the coordinates of the corresponding vector in the mentioned 
chart. 

From property (a), together with the fact that the curves are defined on a com- 
pact interval and that ^"^(0) = e, one deduces the equivalence between properties 
(a) and 

By ^"^ we denote the lift of ^"^ at the point p. That is, the integral curve of 
W := U{Z'^) with initial point at p. 

The continuity of the horizontal lift of vectors fields on M to vector fields in 
■p, together with the condition (iii) in Definition 1 and (/3), imply the following 
property: For any e > 0, there exists ^ > such that for all t e [0, 1] 

W{t{t))-U{m)\\<e, \i c<6. 

In this formula and U denote the coordinates of the respective vector fields in 
a chart of V that contains the curves {£,'^{t)}. 

On the other hand, an equivalence similar to the one between (a) and (/3) holds 
for the curves ^'^ in V and the vectors fields . 

In summary, we have proved the following proposition: 

Proposition 4. With the above notations, given a neighborhood O of ^ in the 
Whitney topology of C^([0, 1], V), there is S > such that G O, for all c < S. 



3.2. Lift of isotopies in M to isotopies in V. Let {-Z^tltefo, i] be a time- 
dependent vector field on M, with Zt e X. Let ipt be the isotopy of M defined 

by 

(3.5) ^ ^ Ztoipt, ipQ = Mm- 

We have the time-dependent vector field Ut '■— U(Zt) on V and the corresponding 
flow Ft: 

(3.6) ^^^Ut{Ft{p)), Fo = ldr. 

By the definition of U{Zt), it follows that TT{Ft{p)) = V't(7r(p)), for all t, where 
p is any point of V. Thus, if we put ^{t) = tpt{S), its lift at the point p e 7r~^(e) is 
the curve ^ (t) = Ft (p) . 

From Proposition [3l we deduce that the diffcomorphism Ft preserves the con- 
nection form ri; that is, F^fl = fl. 

Let us assume that the above isotopy ip — {■0t}te [o,i] satisfies -00 = V-"! = Id^/; 
that is, V is a loop of diffeomorphisms of M. Then Fi is a diffeomorphism of 
V over the identity, i.e., a gauge transformation of V. Thus, there exists a map 
h-.r ^ GL(iy) satisfying h(pl3) = l3-'^h{p)l3 and such that 

(3.7) Fi{p)^ph{p), iorallp^V. 

Moreover, F^i^) = h'^dh + kd{h-^) o VL. 
Since U = F*{n), 

(3.8) n^h-^dh + Ad{h-^)on. 

Equality (|3.8|) applied to Ut together with (|3.3|) give 

(3.9) dh(Ut) = 0. 
Thus, we have proved the following proposition: 
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Proposition 5. Let ^ ~ {V'ijtelo.i] a loop of dijfeomorphisms of M generated 
by a time- dependent vector field Zt G X. The map /i : "P — > GL(VF) defined by |g. 7[ ) 
is constant on the orbit {Ft{p) \ t G [0, 1]} of any point p £ V. 

Let {gt \ t G [0, 1]} be a curve in G with initial point at the identity element 
e; for brevity such a curve will be called a path in G. It determines the isotopy 
f = WtjtGlo,!] of M, with 

(3.10) iftigH) ^ gtgH. 

We put {Aj} for the corresponding velocity curve; that is, At G Q is defined by 

(3.11) At=gtgr'- 

Let us assume that S X. This family gives rise to the time-dependent vector 
field on V, Ut := U{XAt), which in turn defines a flow Ft on V (the flows in V 
determined by paths in G will be denoted in boldface) . Obviously, the lift of the 
curve (pt{e) at the point p G 7r~^(e) is Ft(j>). From (iv) in Deflnition 1 together 
with dill), it follows U{XaJ = Ya,. So, 

dF, 

(3.12) oF(, Fo-Idp. 

at 

Lemma 6. The bundle diffeomorphism Ft defined in h3.12]) is the left multiplication 
by gt in V . 

Proof. Given pGV.hy ([XTT]) 
d 

du 



9uP = -7- 



5«5t ^9tP = YaAqip)- 

U — t 

□ 

If gi is an element of the center of G, then (^o = Vi and Fi is a gauge transfor- 
mation of V . 

Henceforth, we assume that 5* (51) is a scalar operator for any gi G Z{G). This 
condition holds trivially in case (B). The case (A) with this additional condition 
will be designed as (A '). 

Proposition 7. Let gt be a path in G, such that XAt ^ -^^ where At = gtg^^. If 
gi G ZiG), then Fi(p) = p^igi), for all peV. 

Proof. By Lemma [51 

Fi([g, a]) = [gig, a] = [ggi, a] = [g, ^'(gi)a] = [g, a]*(5i), 
since ^'(51) is a scalar operator. □ 

Remark. Note that paths in G with the same final point in Z{G) determine 
the same gauge transformation Fi. 

3.3. Subgroups of Diff(Af). Let Q he a connected Lie subgroup of Diff(M) such 
that: 

(i) Lie(^y) admits a lift to V. 

(3.13) 

(ii) If {gt} is a path in G, then the isotopy {ipt} is contained in Q. 
We will prove that 

#^i(a) >#{vI'(g)|ffGZ(G)}, 
but we need to introduce some notations. 
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Let {gt} be a path in G such that gi G Z{G). Let {Cjs be a deformation of 
the loop m Q. That is, for each s, C'' is a loop in Q at Ma/, with CP = We 
also assume that s i— is a continuous map (considering Q equipped with the 
C^-topology, as we said). 

For each s, we have the corresponding time-dependent vector field e hie(Q), 
given by 

dt * ^* 

The respective time-dependent vector field on V, := {Z^Y + determines 
the corresponding flow F*. As above, is a gauge transformation, which can be 
written 

(3.14) F^{q) = qh'{q), for all q£V, 

with ft,^ constant on the orbits {F^{q) 1 1 G [0, 1]}. 

Fixed s, we can also consider the loop in M, obtained by evaluating at the 
point e 

(3.15) {r(i):=Cne-)|te[0, 1]}. 

Obviously, the lifting of this loop to 'P at a point p G tt^ ^ (e) is just the curve F^ {p) ; 
i.e., 

(3.16) r(t)=F/(p). 

In the statement of the following theorem we refer to the _ff-principal bundle 

(3.17) H ^ M = G/H. 

We assume that this bundle is endowed with the invariant connection |14| page 
103] determined by the splitting (|2.ip . It is well-known that the Lie algebra of 
the holonomy group Hole at e G G (of this invariant connection) is [[, []o (see [HI 
Theorem 11.1, page 103]). 

Theorem 8. Let {gt}te[o, i] path in G which is a horizontal curve with respect 
the invariant connection in G M and such that its final point belongs to Z{G). 
7/{^*}s is a deformation of the loop Lp in Q, then the gauge transformation Ff of 
V defined hy satisfies 

Flip)=p^{gi), 

for all p G Tr~^{e). 

Proof. Fix an arbitrary point p G V, such that n(p) = e. The idea of the proof 
is to construct a path in G, with final point at gi, that defines a loop in M as close 
to the evaluation curve (see p.lSp ) as we wish. Then the lifting of the loop at 
the point p and the one of give rise to the constants ^'(.gi) and h''{p), whose 
difference will be as small as we wish. 

We have the following closed curves in M: 

(3.18) M(e)|i G [0, 1]}, r = {rW|ie [0, 1]}. 

(I) Horizontal lifting from M to G. The invariant connection on the principal 
bundle G — ?> M determines the horizontal lifting of the curves p.lSp . We denote 
by v'^ the curve in G horizontal lift of at the point e G G. By hypothesis, gt is 
the horizontal lift of {</5t(e) — gtc} at the point e. In particular, w° — gt- 
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Fixed s, a value of the parameter of deformation, since the horizontal lifting is 
a continuous operation, 

S:^ Kl«e[0, s], te[0, 1]} 

is a piece of surface in G. The element gi, final point of u*^, belongs to this connected 
surface in G. 

Given < e < 1, let {fit \ t ^ [1 ^ 1]} be a curve in S with — vf_^ and 
final point at gi. The curve fj, can be chosen so that its juxtaposition with the 
restriction of to [0, 1 — e] is a C"^ curve in G (see Figure 1). The path in G 
defined by this juxtaposition will be denoted {g^lt £ [0, 1]}; its final point is gi. 

By taking e sufficiently small we can get a curve {g'f.e = wig't) I* ^ [Oj 1]} 
M contained in an arbitrary neighborhood of the curve in the topology of 
C^{[0, 1], M). Thus, we have proved the following lemma: 

Lemma 9. Given a neighborhood of the curve in the G^ topology o/C^([0, f], M), 
there is a path {g'^} in G, with final point at gi, such that the loop {g[e\ is contained 
in that neighborhood. 




e 



Figure 1. The path {g'^} is the juxtaposition of u^jq j_jJ and fj,t. 

(11) Lift from M to V . As we said, p will be an arbitrary point of 7r~^(e). The 
loop of diffeomorphisms defines the corresponding flow and is determined 
by /i" (see (IXTi)) ). 

We can also consider <^*, the lifting to V at the point p of the loop in . By 
(EH and (EUl) 

(3.19) e{l) = Fl{p)^ph^{p). 

On the other hand, the path {g[} has final point at gi G Z[G). It determines the 
respective flow Fj and, according to Proposition [71 F'^ is the gauge transformation 
defined by the constant "^{gi) 

(3.20) ¥'M^q-^{g^). 

We have also the lifting to V at the point p of the loop {g'tc}] this lift is, of course, 
the curve 

(3.21) {f;(p) 1 1 £ [0, 1]} 
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(III) Continuity of the lifting. Let O be an arbitrary neighborhood of the curve 
in the topology of C^([0, 1]P). By the continuity of the hfting stated in 
Proposition m together with Lemma |9l there are curves of the form {g'tc}, where 
{g'^} is a path in G with final point at gi, whose lifting p.21|) to belong to O. 
Hence, ^"(1) = ph^{p) is a point of V as close to one point of the type F']^(p) as we 
wish. But, by p.20p . all the points 'F'i{p) are equal to p^(gi) (independently of the 
path {g't})- Therefore, the constant h^{p) is ^'(51); that is, Ff{p) =p'^{gi), for all 
pe7r"i(e). □ 

Corollary 10. Let {gt} and {g^} he paths in G satisfying the hypotheses of Theorem 
O //^'(gi) ^ "^{gi), then the corresponding loops Lp and (p are not homotopic in Q. 

If Z{G) C Hole, each element of Z{G) can be joined to e by a horizontal curve 
in G (horizontal with respect to the invariant connection). 

The following proposition gives a sufficient condition for Z{G) C Hole, when g 
is a perfect Lie algebra; i.e. g = [g, g]. 

Proposition 11. If q is a perfect Lie algebra and H is abelian, then Z{G) C Holg. 
Proof. Since f) is abelian and [ is invariant under Ad(i?), 

(3.22) (,©( = g=[g,g] = [l + [[, [], 

with li C [. By taking the ti-component in p.22|) . we obtain f) — [I, []o; as H is 
connected, H C Hole. By hypothesis, Z{G) is a subgroup of H in case (A) and in 
case (B). 

□ 

We denote by exp([[, []o) the connected subgroup of G whose Lie algebra is [[, []o. 
Henceforth, we assume that the following property holds 

(3.23) Z{G) c exp([[, []o). 

From Corollarv fTOl it follows the following theorem: 

Theorem 12. Let G be a Lie group, and {H, ^) a pair satisfying either condition 
(A ') or condition (B), and I an Ad{H) -invariant complement oft) for which US. 23\) 
is valid. If G is a connected Lie subgroup o/Diff(Af) for which i3.13]) holds, then 

#7ri(g) >#vI/(Z(G)). 

Given g G G, we denote by g the diffeomorphism of M defined by left action of 
g; that is, g{bll) = gbH. We put G for the subgroup of DifF(M) consisting of all 
diffeomorphisms g. Obviously, the group Q C Diff(A/) satisfies p.l3|) (ii) if G C 

Each closed path in G gives rise to a loop in G, and homotopic closed paths 
in G induce homotopic loops in G. However, there are loops in G which are not 
defined by closed paths in G. Evidently, Lie(G) is the Lie algebra (|3.ip . This Lie 
algebra satisfies the conditions required to the algebras X corresponding to any 
representation ^I^ of H. Thus, we have the following corollary of Theorem [T2l 

Corollary 13. If H, 5* and I satisfy the hypotheses of Theorem \12l then 



#MG)>#^{Z{G)). 
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4. HAMILTONIAN GROUPS 

In this Section we assume that the pair (H, ^I') belongs to case (B). When ^I' is 
a 1-dimensional representation, the curvature K projects a presymplectic structure 
oj on M, as we said in the Introduction. 

In Subsection 14.11 we wih consider the w-action integral around the loop of 
diffeomorphisms generated by a time-dependent vector field in an algebra which 
admits a lift to V. We will relate this action integral with the gauge transformation 
associated with that loop. 

In Subsection 14. 2[ we consider the algebra of all w-Hamiltonian vector fields 
on M . We will give conditions for admitting a lift to V and we will apply 
Theorem [T2] to this particular case. 

4.1. Action integral. When dimW^ = 1, Proposition [5] can be stated as: 

Proposition 14. Let ^ = {i^t\te[vi.i] o, loop of diffeomorphisms of M generated 
by a time- dependent vector field Zt that belongs to a Lie algebra X admitting a lift 
to v. If AiuyW ~ \, then there exists a complex number such that, 

(4.1) ^^i(p) =pe(^), 

for all p £ V. 

Proof. As dimension of W is 1, p.8p reduces to dh — 0. So, h is constant on V. 

□ 

Let Z he a vector field in an algebra X that admits a lift to V; now, by property 
(i) in Definition 1, a{Z) projects a function Jz on M defined by 

(4.2) Jz{n{p))=a{Z){p). 

Analogously, the curvature K projects a closed 2-form uj on Af ; thus, is a presym- 
plectic structure on M. The condition (ii) in Definition 1 gives rise to 

(4.3) dJz -io{Z, .). 

Note that Z determines Jz by (|4.3|) . up to an additive constant. However, if 
Z = Xa, then condition (iv) in Definition 1 implies that Jxa = /a- 

Next, we will express the number Q{ip) defined in Proposition [Til as a "general- 
ized action integral" on the presymplectic manifold (M, uj). 

Let ip be the loop considered in Proposition [T4l Given x £ M, we put {xt} 
for the closed evaluation curve {ipt{x)}. For p G tt~^{x), we set pt := Ft{p), thus, 
7r(pt) = Xf. Let (T be a section of the principal bundle V, such that x belongs to 
the domain of a and cr{x) = p. We define the complex number 9t by the relation 

(4.4) Ftip) = a{xt)et. 

Obviously = 1 and 9i — O(V'). Deriving (|4.4|) with respect to t, 

Taking into account that 

a,{Zt{xt)) = Zf{a{xt)) + Vy{aixt)), 

with y ~ n{a^c{Zt{xt))) ~ a{Zt{xt)), where a is the connection form in the trivial- 
ization defined by a. Then, 

(4.5) = Zfip,) + Vyip,) + V^i,(j>,). 
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On the other hand, by p.6p . 



(4.6) 



dt 



Z!{pt)+VaM), 



where at := a{Zt){pt)- From (IT^ and (IT^ . it follows 



- = -a{Ztixt)) + JzAxt)- 

Hence, 

= exp( - ^ a{Zt{xt))dt + JzAxt)dtj 

If Hi{M, Z) = 0, there exists a 2-chain C in M whose boundary is the closed 
curve Xt- In this case, by Stokes' theorem and taking into account that the curvature 
K projects on M the closed 2-form uj, we have the following proposition: 

Proposition 15. Let ip be the loop of Proposition \14\ and x a point of M . If 
Hi{M, Z) = 0, then 

(4.7) eW^exp(^- J^uj + Jz,{xt)dty 

where C is a 2-chain whose boundary is the closed curve {xt := tptix)}. 

From the equality (j4.7|) . one deduces that the right hand side of this equation is 
independent of the point x. It has the form of the exponential of an action integral 
(see the last Remark of Subsection 14.21) . 

In general, neither M is compact nor w is symplectic. From these negative 
facts, it turns out that the evaluation curve Xt is not necessarily nuUhomologous 
[21 Lemma 10.31]; so, it is necessary to impose the vanishing of the first homology 
group of M to write ((i?7)) . 

In general Q is not invariant under deformations of the loop ^p, essentially because 
the Jz are not normalized. More precisely, let be a family of loops in Diff (M) 
at ldi\i, each of which satisfies the hypotheses of Proposition UM and such that 

— ip. Then we have the corresponding time-dependent vector fields Z^ S X, the 
maps Jz^ with J^o = Jzt and the corresponding invariants 8" :— 8(k*) (defined 
by means of the Jzj: ) 

e'^exp(^- J 0; + ^ Jzi[nl[x))dt 

where is a 2-chain such that dC is the curve {k^ (x)}*. 

On the other hand, the variation of i^l{x) with respect to s defines the time 
dependent vector field Bt 

Bt{Kl{x)) := ^4{x). 



Hence, 



1 dO''^ 



©(V') As 
where 

(4.8) 



s=0 



ds 



oj{Zt{xt),Bt{xt))dt+ [ Bt{xt){Jz,)dt+ I jt{xt). 
Jo 



Jt 



ds 



Jz; 



s=0 
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Since t^^w 
(4.9) 



-dJzt, 



1 dO' 



e{xl>) ds 



s=0 



Jt{xt) dt. 



Thus, we have the following proposition: 



Proposition 16. Let {k^Is be a deformation of the loop ^, where each is 
generated by a time- dependent vector field belonging to X. Then 

»i 

jt{xt) dt 



is independent of the point point x, and it equals 

1 dQiK") 



Q{ip) ds 

Let (f be the loop in the statement of Theorein[8] After PropositionlMl Theorem 
[8] asserts (when dimM^ = 1) the following: 

Proposition 17. Let ip be the loop in the statement of Thcorem\^ and {C}s a 
deformation of ip in Q, then 

dsic) 



ds 



= 0. 



As we will see in the last Remark at the end of this Section, when G is semisimple, 
M is a flag manifold of g and ui the Kirillov symplectic form, the constant (|4.9|) 
vanishes for any deformation in the Hamiltonian group of a given Hamiltonian loop 
"0. In more precise terms, in this case, it is possible to modify the maps a{Z), whose 
existence is postulated in the definition of X, so that: (a) The new maps satisfy 
the conditions imposed in Definition 1. (/3) For the new maps Jz, integral ()4.9p is 
zero. 



4.2. Presymplectic structure. By (I2.10p the 2-form lu, projection of K on M, 
satisfies 

(4.10) ^(Xa, = 

This relation allows to define the form uj by means the representation ^E* and the 
complement [ directly, without resorting to the principal bundle V. From (|4.10p . 
using the Jacobi identity, one can prove directly that w is a closed form (see |15l 
page 6]). 
We put 

:= {Z e X(Af) I uj{Z, . ) is exact }. 

Let HuiiM) denote the group consisting of the time-1 maps of the isotopies in 
M generated by a time-dependent vector fields Zt S X^j ■ If w is a symplectic form, 
'H^{M) is the corresponding Hamiltonian group Ham(M, w). 

By (USD, 

(4.11) u:{Xa, ■) = -dfA. 

Thus, the vector field Xa belongs to X^j and G C T-Loj{M). 
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Theorem 18. Let us assume that G, H , and { satisfy the hypotheses of Theorem 
and dim^ = 1. If for each Z G Xuj it is possible to choose a function Jz on M , 
such that: (a) a;(Z, . ) = — dJz; (b) the map Z ^ Jz is continuous; c) Jxa — Ia, 
for all Ac, Q. Then #tti{U^{M)) > #*(Z(G)). 

Proof. For Z £ X^j, we set 

(4.12) a{Z) ■.[g,a]eV^ Jz{gH) e C. 

On the other hand, the relation (a) is equivalent to Da{Z) — — K(Z', .). Hence, 
admits a lift to V. The theorem follows from Theorem [T^ 

□ 

When G is a complex semisimple Lie group and P a parabolic subgroup, we put 
T for the flag manifold G/P. Then T ~ Um/H, where [/r is a real compact form 
of G and H — P Ci C/r. Since [/r and H are compact groups, they are unimodular. 
Hence, J- — U-gi/H has a nonzero left invariant Borel measure d/i (see [16', Theorem 
8.36]). The subgroup H contains a maximal torus of C/r, so, Z{G) C H; and by 
means of the system of roots associated to this torus, it is possible to define a 
complement [ of f) in ur, invariant under Ad{H). 

Given ^ a representation of H of dimension 1 (as H is compact, we can assume 
that 5* is unitary), we have the respective presymplectic form co and X^^. In this case, 
a choice of the functions Jz which satisfy the conditions (a)-(c) in the statement of 
Theorem [TSl can be carried out as follows. Given Z £ X^^, we fix Jz imposing the 
following normalization condition 

(4.13) J Jzd^i = 0. 

On the other hand, denoting with Ig the left translation on C/r defined by 5 6 C/r, 
for A G Ur 

I (A) := fAd^i = J^fAolgd^i = fg^i.A dfi = I{g-^ ■ A). 

Hence /[A, B] — 0, for all B G Ur. Thus, / vanishes on the commutator ideal 
[ur, Ur], that coincides with Ur. That is, satisfies the normalization condition 

From the preceding result together with Theorem [181 it follows the following 
theorem: 

Theorem 19. Let J- be the flag manifold U^/tl, where C/r is a compact real form 
of the complex semisimple Lie group G. Let ^/ be a 1-dimensional representation 
of H and co the presymplectic form determined by 4* and I. If Q is any subgroup of 
satisfying I13.13\) (ii), then 

#^l(a)>#*(^(C/R)). 

The linear map ^' can be extended to an element r] of uj^ by putting '^'\[ = 0. 
If the stabilizer of rj with respect to the coadjoint action is precisely H , then 
is the coadjoint orbit associated to 77 and uj defines a symplectic structure on J^, 
namely —2'Kiw, where va is the Kirillov structure. Under this hypothesis, 'Hu}{J') 
is the Hamiltonian group Ham(J^, va) of the coadjoint orbit of 77. In this 
invariant measure d/z we can take the one determined by w", with 2n = dim J^. 
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Corollary 20. Under the hypotheses of Theorem I Jgl if H is the stabilizer of rj, 
then 

#7ri(Ham(J^, tn)) > # *(Z(C/m)). 

Remark. For Ur = SU(2), and H = U(l) C SU(2), the corresponding flag 
manifold is CP^. For [zq : zi] G CP^ with zq ^ 0, we put x + iy = zi/zq. It is 
straightforward to verify that the vector fields Xc and Xd defined by the matrices 
of su(2) 

take at the point {x — 0, y — 0) the values Xc — Xjj = d-^. 

Let ^ be the character of H defined by ^(diagonal(e''*, e""*)) = e"*. Then 

By Corollary [201 

(4.14) #7ri(Ham(CP\ nj)) > 2. 

We denote by a the Fubini-Study form on CP^, then CT[i.o](9a;, 9^) = I/tt. By 
the invariance of a and w under the action of SU(2), we conclude that vj = a. So, 
(|4.14l) is consistent with the fact that 7ri(Ham(CP^, a)) is isomorphic to Z/2Z [3 
page 52]. 

Remark. The result stated in Corollary [20] can be deduced using the invariancy 
of the action integral under loop deformations. More precisely, let ^ be the loop 
in Ham(7^, w) at the identity, generated by a time-dependent vector field Zt on T. 
Here, we fix the Hamiltonian Jzt imposing the condition 

(4.15) J^Jz^uj"^0, 

for all t. As in Subsection 14.11 we put xt for the closed evaluation curve i^t{x), 
where x is a given point in J-. Since J- is simply connected jlTi page 33], there is 
a 2-chain C in whose boundary is the curve {xt}. Thus, the right hand side of 
(j4.7p is the exponential of the action integral around the loop ij} [HI [IS] ■ 

Let be a deformation oiipi ^ Subsection l4.1l Since Acf is a nj-symplectomorphism 
and 



Jzi^:^" = 0, 



then 



(4.16) ^(jtoVt)tn" = 0, 

where Jt is the function defined in (|4.8I) . 
By Proposition [TBI the function 

m:= I {jto^t)dt : X <^ T \ — > / jt{ipt{x)) dt, 
Jo Jo 

is constant. Hence, by (|4.16p 

nl . i-l 



m j VJ 
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= 0, 



Thus, 

1 dO" 

and we obtain the known fact that the action integral is invariant under deforma- 
tions of the loop; that is, Q factors through the homotopy group, giving rise to the 
map (|1.2I) . From (|4.ip . it follows that Q{ip-k'ip) = 6 (■(/') 6 (?/'), where -k denotes the 
path product. Thus, (jl.2l) is a group homomorphism. 

Now, using this invariance of 9, we can deduce Corollary[2ni Given gi G Z([/r), 
let A ^ t), such that e'^ — 9i- We set gt = e*"*; this path defines the correspond- 
ing loop (p in the Hamiltonian group and the respective Hamiltonian function is 
Jt — ftA = t'i>'{A). The curve (pt{e) reduces to {e} and the corresponding value 
of 8 given by (|4.7I) is — ^(<?i). Thus, the loops (p associated to two ele- 

ments in Z{Uk.) on which ^! takes different values, determine distinct elements in 
7ri(Ham(J^, to)). 



5. TORIC MANIFOLDS 

In this section, we will consider symplectic toric manifolds and the group Q will 
be the respective Hamiltonian group. 

Let T be the torus (U(l))", and A a Delzant polytope in t* [50], whose mass 
center is denoted by Cm(A). We denote by (A^a, i^a) the toric 2n-manifold, defined 
by the polytope A . We put $ for the corresponding moment map $ : M — >■ t* . 

Since Ma is simply connected, Lie(Hani(MA, wa)) consists of the vector fields 
Z such that dt^WA = 0. For such a Z, we denote by fz the corresponding mean 
normalized Hamiltonian; i.e. 

(5.1) dfz^-LzL^A, I /z(^a)"=0. 

Let b be a vector of t. We set X\y for the vector field on Ma generated by b 
through the T-action; X\, is a Hamiltonian vector field and 

d($, b)--CJA(Xb, .)• 

The respective normalized Hamiltonian is the function 

(5.2) /b := b) - (Cm(A), b), 
where 



(5.3) (Cm(A), b) 



b) (^a)" 

/Af(^A)" 



5.1. Quantizable manifolds. Identifying t* with M", we can assume that * := 
(0, . . . , 0) is a vertex of A. Under this assumption, the symplectic manifold (A/a, "^a) 
is quantizable iff the vertices of A have integer coordinates. 

In this subsection, we assume that (A/a, ^a) is quantizable. Then there exists 
a J7(l) principal bundle C Ma with a connection such that the curvature K 
projects a 2-form uj on Ma, with 



(5.4) 



— UJ = cja- 
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We will show that X, the Lie algebra of the Ham(MA, wa), "admits a lift" to 
C, in the sense that it satisfies properties similar to the ones stated in Definition 1. 
For Z G X, we denote by a(Z) the map 

a{Z) -.peCi — > -27ri/z(pr(p)) £ iR. 

For this map the following conditions hold: 

(i) a{Z){pl3) = a{Z), for any /? e U[l). 

(ii) From (|5.4|) together with (|5.ip . it follows 

Da{Z) = ~K{Z\ . ), 
where is the horizontal lift of Z . 

(iii) The continuity of Z h- > a{Z) is guarantied by conditions ()5.1|) . which determine 
fz uniquely. 

(iv) Obviously, a(Xb)(p) = -27ri/b(pr(p)). 

As in Section [21 we define U{Z) = + Va(z)j where Z^ is the horizontal lift of 
Z to £. By the way, the vector field U{Z) is the operator assigned to the function 
fz in Geometric Quantization (see (551 formula (3.29)]). Propositions [5] and [3] in 
Section |3] have an immediate translation to the present situation. 

If ■0 is the loop in Ham(MA, wa) at the identity, generated by the family Zt G 
then we have the corresponding isotopy Ft in C defined by the time-dependent 
vector field U{Zt). As in Proposition [TH Fi is the multiplication by a constant, say 
Fi(p) =pA(V')- 

Taking into account that Hi{Ma, Z) = 0, in the same way as in Proposition [T5l 
we have: 

Proposition 21. Let ip he the loop in Ham(MA, loa) generated by the family Zt S 
X and X an arbitrary point of A/a , then 

A{'tp) = exp (2T:i J uja - 27ri J fzt{xt)dt^, 

where C is any 2-chain whose boundary is the curve {xt = ipti^)}. 

As in the last Remark of Subsection 14. 2[ A defines a group homomorphism 

(5.5) A : 7ri(Ham(MA, wa)) — >U{1). 

Let b be a vector in the integer lattice of i; it defines a loop ipb in Ham(AfA, i^a)- 
The vertices of A are the fixed points of the T-action, so (^b(i)(*) = * for all t. 
From (|5.2p . /b(*) = — (Cm(A), b), and Proposition [2T] applied to the point * gives 

(5.6) A((/7b) = exp (27ri(Cm(A), b)). 
By ()5.5|) . we can state the following theorem: 

Theorem 22. Let b, b be vectors in the integer lattice of t. If 

(5.7) (Cm(A), b-b) ^Z, 
then 

[ifb] ^ [ip^] e 7ri(Ham(MA, i^a))- 

As {Ma, uja) is quantizable, the coordinates of Cm(A) are rational numbers, 
say Cm(A) — (^, . . . , ^). From Theorem [551 we deduce the corollary: 
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Corollary 23. // g.c.d.(ri, . . . ,r„) = 1, then there exists ipb^, with j — 1,. . ., \r\, 
such that for i ^ j 

[fh,] ^ [(Phj] € 7ri(Ham(MA, uja))- 

Remark. The values taken by the map A admit an interpretation in terms of 
the integration of T-equivariant forms on Ma. As T is abehan, the map / = 
$ — Cm(A) : M — )• t* is T-equivariant. By (|5.1|) fi). uja — / is an T-equivariantly 
closed 2-form on Ma [231 page 111]. Given q G Ma a fixed point for the T- 
action; let ruq^i, . . . , ruq^n denote the weights of the isotropy representation of T on 
the tangent space T^Ma. The localization formula of equivariant cohomology 
applied to the form a — exp(27ri(cL> — /)) gives, for a lattice vector b, 



/ «(b) = 



e xp(-27rt/b(g)) 
nfc"^<z,fc(b) 



where q runs over the set of fixed points of the T-action (assumed that all mq,k{h) 
are non zero). 

Since the manifold is quantizable and b is in the integer lattice, for two fixed 
points q and q' of the T-action, fb{q) — fh{q') G So, by (|5.6p . 



/ a(b)=A(^b)^(n™,,fc(b))"'. 



IM 

By means of the localization theorem for S'^-actions, it is possible to deduce suf- 
ficient conditions for two 5'^-actions tph and </3g not to be homotopically equivalent 
through a homotopy consisting of -actions (see [251 Theorem 5]). The conclusion 
of Theorem [22] is obviously stronger, although it is only applicable to quantizable 
manifolds. 

Examples. For some toric manifolds Ma, we proved in [TT] the existence of infinite 
cyclic subgroups in 7ri(Ham(MA)), generated by lattice vectors b such that (A, b) 
is not a mass linear pair. Below, in the Examples 2 and 3, we consider some of 
those manifolds and show that there are lattice vectors b that define homotopically 
non trivial loops in Hani(MA), although (A, b) are mass linear pairs [12]. 

Example 1: The projective space CP". The manifold Ma associated to the standard 
simplex 

A= {(xi,...,x„) eM"| < 1, 0<x,}, 

i 

is CP". The mass center Cm(A) = (^, . . . , :^). Denoting bj = (j, 0, . . . , 0), 
then (Cm(A), b^) = By Theorem the loops ipb^, for i = 0,1..., n de- 

termine n + 1 different elements in 7ri(Ham(MA, i^a)). This result coincides with 
the one stated in [HI Theorem 5], which was deduced by calculations of Maslov 
indices. Furthermore, that lower bound for the cardinal of 7ri(Ham(A/A, ^^^a)) is 
consistent with the following two facts: 7ri(Ham(CP^)) = Z/2Z, and Ham(CP^) 
has the homotopy type of PU(3) [5]. 

Example 2: Hirzebruch surfaces. Given r G Z>o and r, A G ]R>o with a := t — rX > 
0. The polytope A in defined by the vertices 

(0, 0), (0, A), (r, 0), (a. A) 
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determines a Hirzebruch surface Ma equipped with the corresponding symplectic 
structure. The mass center of A is 

- ( 3(2r-.A) ' 3(27^) ' 

In [iTJ Corollary 4.2] and using the homomorphism ()1.4p . we proved that (/Jb 
generates an infinite cyclic subgroup in 7ri(Ham(AfA, ^a)), if b = (&i, 62) satisfies 
r6i ^ 262. The point was that the homomorphism (|1.4I) vanishes on [iy9b] precisely 
when rbi = 2b2', in other words, when (A, b) is a mass linear pair. 

However, when {M^, i-^a) is quantizable, if rbi — 2&2, then the map (|5.5p on ipi, 
takes the value 

^ifh) — exp(27ri(Cm(A), b)) — exp(7ri&ir). 

Thus, if biT is odd and rbi even, then the lattice vector b = (61, ^) determines a 
loop homotopically non trivial in the Hamiltonian group. 

In the context of the toric quantizable manifolds, the homomorphisms / and A 
have "complementary properties" , in the following sense: The map (jl.4p can not 
detect nontrivial elements of finite order in 7ri(Ham(MA, wa)), because it is an R- 
valued group homomorphism. By contrast, A can not distinguish elements [tpb] of 
finite order from those of order infinite. In fact, as Cm(A) has rational coordinates, 
for any lattice vector b there is an integer m, such that A([(/3b]™) = 1 (see (|5.6p ). 

Example 3: One point blow-up of CP". Given r, A G Z>o with ct := r — A > 0, we 
denote by A the following truncated simplex 

A = |(xi,...,a;„) e M" I ^a;, < r, < Xi, a;„ < a|. 

i 

The corresponding toric manifold Ma is the one point blow-up of CP". 
The mass center Cm(A) is the point 

Cm(A)^-^((— ^^).-A."e„ 

where w — (1, . . . , 1) and e„ — (0, . . . , 0, 1). In [TT], we proved that the loop ip^, 
defined by a lattice vector b = (61,..., 6„), with n&„ ^ T^^iZi ^ii determines an 
element [t^b] in 7ri(Ham(AfA7 <^a)) of infinite order. This property is consequence 
of the non- vanishing of the group homomorphism / on [(fb] ■ 
When (A, b) is a linear pair; i. e., n&„ = X)"=i 

, n+l _ n + 1 _ \ 

(5.9) (Cm(A), b) = ( 

Hence, if ()5.9|) is no integer, then ift, is not contractible. 



5.2. Some non quantizable manifolds. Let us assume that A has d facets. De- 
noting with r\j G t the normalized conormals to the facets, then the correspondence 
Cj I— >■ nj, where {cj } is the standard basis of R'' induces a group honiomorphism 



M'^/Z'* — > r = R"/Z", 
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whose kernel will be denoted by N (see [2T1 Chapter 1]). The standard action of 
K'^/Z'* on gives rise to an aetion of N on that space, which preserves the splitting 

d 

Let Cj denote the line bundle over Ma defined by the representation of N on Ccj. 
We denote by Cj the Chern class of Cj . The classes ci , . . . , Cd generate the ring 
H*{Ma, C) (see ^ Proposition 9.8.7]). 

Let us assume that the cohomology class [uja] of the symplectic structure satisfies 

d 

(5.10) [wa] = r^njCj, 

with r € M and rij G Z. Obviously, the sum in (IS.lOp is the Chern class of the line 
bundle 

The manifold (A/a, ^a/t) is a quantizable and there exists a connection on C 
such that its curvature K projects on Ma the form —2TTiujA/r. 

Let X denote the algebra of Hamiltonian vector fields on (Ma, uja)- As at the 
beginning of the section, fz will be normalized Hamiltonian function associated to 
Z G X; i.e. fz satisfies (15.11) . The map 

a{Z):peC^ /z(pr(p))eC, 

r 

is obviously invariant under the right translations in C and Da{Z) = — K(Z'*, . ). 

Given a loop in Ham(MA, uja) at the identity generated by a family Zt of 
vector fields, as in Subsection 15.11 the corresponding gauge transformation Fi is 
the multiplication by a constant A{'ip), with 

A{ip) = exp I UJA - — I fzt [xt) dtj , 

where C is any 2-chain whose boundary is {xt = ^t{x)}. Hence, we have the 
following proposition; 

Proposition 24. Assumed that [uja] satisfies L5.10\) . Ifh and b are lattice vectors 
such that 

(5.11) (Cm(A), b-b) ^ rZ, 
then 

[iph] ^ [(^bl e 7ri(Ham(MA, uja))- 

Remark. Let A' denote the polytope ^A. The manifold (Ma', uja') is quantizable 
and the hypothesis ()5.7|) of Theorem [22l applied to (Ma', uja') is equivalent to 
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